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ABSTRACT 
In regard to the linear subspace Y(n) of n X n symmetric Toeplitz matrices over 
the real field, the collection tin> of all real and orthogonal matrices Q such that 
QTQr E Y(n) whenever T E P’(n) forms a group, called the stability group of 9(n). 
This paper shows that fin) is finite. In fact, fin) has exactly eight elements 
regardless of the dimension n. Group elements in fin) are completely characterized. 
1. INTRODUCTION 
In all discussion that follows, we shall consider only matrices over the real 
field. 
An n X n matrix T = (t,j) is symmetric and Toeplitz if there exist real 
scalars rl, . , . , rn such that 
for all i and j. Clearly a symmetric Toeplitz matrix is uniquely determined by 
the entries of its first column. Thus a symmetric Toeplitz matrix will be 
denoted by T(r) if its first column is the vector r E R”. It is also clear that 
the linear subspace 9’(n) of all symmetric Toeplitz matrices is spanned by the 
matrices 
EC’) := T(e(i)) 
(1) 
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where e(j), i = 1, . . . , n, is the ith standard basis in R”. With respect to the 
Frobenius norm, elements in the basis (EC’)} are mutually orthogonal. 
Due to their role in important applications like the trigonometric moment 
problem, Szegii theory, and signal processing, many properties of Toeplitz 
matrices have been studied over the years. See, for example, [l, 4, 5, 71 and 
the many references contained therein. 
One interesting problem that remains unsolved is the so-called inverse 
Toeplitz eigenvalue problem, where a vector T is to be found so that T(r) 
has a prescribed set of eigenvalues. Equally difficult is the problem of 
identifying an orthogonal matrix whose columns are eigenvectors of a certain 
Toeplitz matrix. It is in studying the second problem that we encounter the 
notion of stability subgroup of Sn> in the orthogonal group B(n). 
The stability group P(n) of fin) is defined to be 
Y(n) :={QEB(~)~QTQ?‘E~~)~~TE~~)}. (2) 
The use of the word “group” is justified in that for each fmed Q ~9(n) the 
action QTQ ’ is a bijection from fin) to itself. The definition (2) is a 
generalization of the usual stability subgroup defined at a single point in a 
topological space [6, p. 741. 
Obviously, the identity matrix I and the backward identity matrix 
0 0 ... 0 1 
0 0 -** 1 0 
J := ; ; *: ; ; 1 1 (3) 0 1 **a 1 0 1 0 *** 0 0 
are in fin). In this note, we show that P(n) has exactly eight elements 
regardless of the dimension n. We characterize all elements in 9(n) explicitly. 
2. MAIN RESULT 
For each fixed Q E B(n), the action Q’TQ is linear on fin>. So it 
suffices to consider the actions of Q on the basis {E”‘, . . . , E’“‘). 
For k = 1,. , n, let 
E’(k) := QE'k'QT. (4) 
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Obviously E’@) are still mutually orthogonal with respect to the Frobenius 
norm. Since I?(l) = E(l), we see that if Q E P(n) then the diagonal elements 
of E’ck) must be identically zero for all k > 2. This observation alone suffices 
to show that P(n) is finite. The reason is given below. 
LEMMA 2.1. The vector x = [x1, , x,lT solves the system of 
polynomials 
+1, (5) 
.j= 1 
n-k+1 
c x~x~+~_~ =0 for k =2,...,n 
j=l 
(6) 
if and only ifx = *e(j) forj = 1,. . . , n. 
Proof. The lemma can be proved easily by induction. The last equation 
(i.e., when k = n) implies that x1 = 0 or x, = 0. In either case we can apply 
the induction hypothesis to the reduced equations. n 
Express the matrix Q in columns Q := [q(l), . . . , q’“‘], where 9’j’ = 
[#, . . , QIT. Then for all k 2 2, 
n-k+1 
k(k) = ,c=l (q(j)q(j+kpl)T + 9(jfkpl)q(j)T). 
(7) 
As mentioned earlier, if Q E fin), then the (i, i> diagonal element 
n-k+1 
j@) = 2 C 4~j)4~j+k-l)’ 
(8) 
j=l 
of ,I$~) must be zero for k = 2,. . . , n. Applying Lemma 2.1 to (8) for each 
fixed i, and using the fact that all rows of Q are mutually orthogonal, we 
conclude that 
LEMMA 2.2. lf Q E Y(n), then each row and column of Q contains 
exactly one nonzero element, which must equal f 1. 
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We can deduce more about the structure of P(n). Indeed, by Lemma 
2.2, we can write 
Q = [ CYifP’), Crs&), . . . , “Jk”qT, (9) 
where {k,, k,, . . . , k,) is a permutation of {1,2,. , n) and q = f 1 for 
1 < i < n. Hence, the (i, j)th entry of QT(r)Q’ is given by 
(QTCr)QT)ij = aiajT~k,-k~~+l’ 
Since (10) holds for every generator r, it must be that 
(10) 
Iki - kJ = Ii -jl (11) 
for every 1 Q i, j Q n. Only two permutations can make (11) valid-either 
ki = i for 1 < i < n or k, = n - i + 1 for 1 Q i < n. 
Moreover, the sign pattern for elements in fin> cannot be arbitrary. By 
(lo), oi oj should depend upon 1 ki - kjJ and hence (i - jl only. This forces 
that either cyi, CQ, . . . , a, have the same sign or they alternate in sign. 
In conclusion, we have proved that 
THEOREM 2.3. Suppose n > 1. The stability group fin> of fin) has 
exactly eight elements, regardless of the dimension n. The elements are k I, 
+/, f Z’, and +J’, where 
and 
1’ := 
]’ := 
-1 0 0 
0 1 0 
0 0 -1 
. . . 
. . 
. . . 
0 0 0 
0 0 0 
0 0 
0 0 
0 0 
. . . 0 
. . . 0 
. . . 0 
. . . (-,)“-I 
. . . 0 
. . . 0 
. . . 0 
. . . -1 
0 
0 
0 
0 
C-1)” 
0 -1 
1 0 
0 0 
. . 
. 
. . 
0 0 
0 0 
(12) 
(13) 
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